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ABSTRACT

Let X be a separated integral normal scheme of finite type over the val-
uation ring Oy. It is shown that the set Deop(X) of coherent fractionary
Ox-ideals J C K(X) satisfying the relation J = T = (Ox : (0Ox : 7))
— the so-called divisorial O y-ideals — forms a group with the composi-
tion law (Z,J) » l'/.? . This grbup posesses a natural embedding

div: Deon(¥) = Div(X) & [ v(k(x)),
vEV

where Div(X) denotes the group of Weil divisors of the generic fibre X
of X|Spec(0y), and V is a set of valuations of K(X) determined by a
subset of the generic points of the fibres X x o, £(P), P € Spec(Oy) N 0.
The image Div(X) of div is proved to satisfy Div(X) = Div(X) & Ver(X)
with a subgroup Ver(X) C Hvev v(K(X)). The structure of Ver(X) is
determined provided that X satisfies additional conditions — for example,
if X is projective over Spec(Qy).

These facts are deduced from general results on the semigroup Deon(X)
of coherent divisorial Oy-ideals on an integral scheme X: A criterion
for Deon(X) to be a group based on the notion of so-called Priifer v-
multiplication rings, and a valuation theoretic description of this group
using valuations of K(X) naturally associated to X. The considerations
leading to these results show that Do, (X) can be understood as an
ideal theoretic generalization of the group of Weil divisors on a normal
noetherian scheme.

Following this idea. a criterion for Deon(X), X a separated integral normal
Oy-scheme of finite type, to be equal to the group of Cartier divisors on
X is given. The criterion is obtained by showing that for any point z on
such a scheme the local generalized Weil divisor groups Deon(Spec(Ox,z))
exist and by analyzing the structure of these groups.
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Introduction

Let O, be the valuation ring of a non-archimedian valuation v of a field K. Let
X be an integral separated O,-scheme of finite type such that for some n € N
all irreducible components of all fibres of X'|Spec(0,) have dimension n. Such
schemes will in the sequel be called O,-varieties.

The aim of this paper is to introduce a generalization of the group of Weil
divisors for normal O,-varieties, and to study the structure of this group using
valuations of the field F of rational functions on X, that are naturally associated
to X.

The notion of Weil divisors can in fact be generalized to a much larger class
of non-noetherian schemes than just O,-varieties: It is well-known that the Weil
divisors of an integral separated normal noetherian scheme X are in bijection
with the Oy-submodules J of the constant sheaf F, that are of finite type and
satisfy the relation

J=7:=(0x:(0x:J)).

Ox-modules satisfying J = j are called divisorial and the set of divisorial
Ox-submodules of F is denoted by Deon(X) — the meaning of the subscript will
become clear some lines below.

Deon(X) forms an abelian group with the composition (Z,J) I/T7 . This
group is isomorphic to the group of Weil divisors Div(X); the isomorphism is
given using valuations: For any prime divisor P of X denote by vp the corre-
sponding discrete valuation of F. For any J € Deon(X) the stalk J; in the
generic point z € P of P is a principal fractional Oy ;-ideal apOx ;. One can
therefore define vp(J) := vp(ap). The map

div: Dcoh(x) - DiV(X), J = ('UP(J))P prime divisor of X

is an isomorphism of groups — see [Fos|, Ch. 1.

The first section of the present article deals with the problem of adapting this
approach to Weil divisors to non-noetherian schemes. More precisely let X be
an integral scheme with coherent structure sheaf and field of rational functions
F. The set Deon(X) of coherent divisorial Oy-submodules J C F is an abelian
semigroup with the composition law given above. Coherence is needed in the
definition to ensure that divisoriality is a local notion.

Deon(X) is the candidate for the sheaf theoretic side of the generalization of
Weil divisors. Weil divisors are required to form a group rather than a semigroup;
the first of the two main results in section 1 deals with this aspect:
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(1) Let X be an integral scheme with coherent structure sheaf. Let P(X) be
the set of points © € X such that the mazimal ideal Mx 5 of the local ring Ox 4
is an associated prime of the Ox z-module F/Ox ; — see subsection 1.1 for the
definition.

Assume that X satisfies the condition

(%) Vz € P(X): Ox 5 is a valuation ring.

Then Deon(X) is a group.

The condition (x) is the non-noetherian analogue of being regular in
codimension one, which ensures the existence of the group of Weil divisors in
the noetherian case.

Assuming (%) the structure of the group Dcon(X) can be described to some
extent using certain valuations associated with X

(2) Let X be an integral quasi-compact separated scheme with coherent structure
sheaf. Then the set Val(X) := {z € X| Ox, is a valuation ring} has mazimal
elements with respect to specialization.

For each mazimal element z of Val(X) choose a valuation of F' with valuation
ring Ox , and denote the set of valuations obtained in this way by V(X). Then
the map

div: Deon(X) — H vF
vEV(X)
can be defined as in the noetherian case and gives an injective group
homomorphism.

The image of div is denoted by Div(X) and should be understood as the ana-
logue of the usual definition of Weil divisors in the noetherian case. Unfortunately
the map div is in general not surjective, which restricts its use to determine the
structure of Deon(X), and shows that this structure can be rather complicated.

The results of section 1 are consequences of the theory of Priifer v-multipli-
cation rings; the relevant parts of this theory are summarized in subsection 1.1.

In section 2 the general results of section 1 are applied to the class of O,-
varieties as defined at the beginning of this introduction: As a direct consequence
of results of M. Nagata and G. Sabbagh it is first shown that any O,-variety X
has coherent structure sheaf and satisfies condition () if one furthermore requires
X to be normal. Hence for a normal Q,-variety, Don{(X) turns out to be a group.

Understanding the structure of this group is then the main goal of subsection
2.1. In view of the result (2) this amounts to determining the set Val(X) resp.
the set of valuations V(X) corresponding to the maximal elements of Val(X’) with



352 H. KNAF Isr. J. Math.

respect to specialization. Having done this one finally has to calculate the image
of the div-map introduced in (2).

The determination of Val(X) is carried out using an affine generalization of
Zariski’s Main Theorem due to C. Peskine; the result is quite intuitive:

(3) A normal O,-variety X satisfies

Val(X) = XDy U  Gen(x xo, s(»)),
PeSpec(0,) N0
where X1 denotes the generic points of the Weil prime divisors on the generic
fibre X of X, and Gen(X xo, k(P)) is the set of generic points of the fibre of
X|0, over p.

At least in the case of a closed structure morphism X — Spec(Q,) it is now
simple to write down the set V(X') and consequently the div-homomorphism:

(4) Let X be a normal O,-variety with closed structure morphism and V the
set of valuations of its field of rational functions F corresponding to the local
rings Ox z, T € Gen(X xp, k(My)), My < O, the mazimal ideal; then the div-
homomorphism looks like

div: Deon(X) = Div(X) & € v(F),
vev
where Div(X) is the group of (ordinary) Weil divisors of the generic fibre X of
X.

The image of div can be calculated (to a certain extent) due to the following
fact, interesting in itself: The ideal sheaf Jp of the closed subscheme P C X
obtained by taking the Zariski closure of a Weil prime divisor P of the generic
fibre X is a coherent divisorial Ox-ideal. This fact can be used to embed Div(X)
into Deon (X'); using the Priifer ring Oy := [, Oy the structure of Div(X) can
now be described as follows:

vev

(5) Let X be a normal O,-variety with closed structure morphism, function
field F and generic fibre X. Then:

1. There exists a subgroup Ver(X) C [],ey VF such that Div(Spec(Ov)) C

Ver(X) and Div(X) = Div(X) & Ver(X).

2. If the generic points of the closed fibre of X possess an affine open
neighborhood one has Ver(X) = Div(Spec(Ovy)).

There is also a version of this result without the assumption of a closed
structure morphism — see subsection 2.1.

The group of Cartier divisors CaDiv(X) on an integral scheme X can always
be embedded into the semigroup Deon(X) viewing Cartier divisors as invertible
subsheaves of the constant sheaf F.
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In the final subsection 2.2 the local Weil divisor group Div(Spec(Ox ;)) in a
point z of a normal O,-variety X is investigated: The group Div(Spec(Ox .))
splits in a way analogous to (5 1.) into a horizontal part defined by certain prime
divisors of the generic fibre of X and a vertical part defined by a subset of V.
Using this result a criterion for the equation CaDiv(X) = Div(X) to hold is
given. Since the statement of both results is quite technical we omit a summary
at this point and refer the reader directly to subsection 2.2.

The investigation presented in this article was motivated by the results on
curves over valuation rings and their connection to constant reductions of alge-
braic function fields of transcendence degree 1 obtained by the members of a
working group around Prof. P. Roquette at the universities of Heidelberg and
Bordeaux — see [G] and the references given in that paper. It is a generalization
of a part of the author’s doctoral thesis [Kn1].

Roquette’s paper [Rogl] and Kani’s thesis [Kanl] had a particular influence
on the present work: In [Roql] a comparison is made between the Weil divisors
of the generic fibre of a projective O,-variety X with the Weil divisors of the
closed fibre X x¢, O,/M,, provided the fibres of X are smooth.

Kani develops a divisor theory for field extensions L|K equipped with a set
M of K-trivial valuations of L. He uses it to investigate O,-curves C xg O,
v € M, where C is a smooth proper K-curve, with the aim to give a so-called
non-standard proof of the Mordell-Weil theorem for the jacobian of a curve.

ACKNOWLEDGEMENT: Parts of this paper were written during a visit at the
University of Stellenbosch/South Africa. I want to express my thanks for the
financial support I received from the university during the visit. Furthermore, I
owe thanks to Barry Green for several helpful discussions on the content of this
paper and to Oliver Delzeith for many conversations about divisoriality.

1. Divisorial ideal sheaves and divisors on integral schemes

The purpose of this section is to introduce and study the abelian semigroup
Deon(X) of coherent divisorial Ox-ideals on an integral scheme X with coherent
structure sheaf. The main emphasis is put on the problems of finding properties
of the scheme X ensuring that Deon (X) is a group and to describe this group using
valuations of the function field K (X') naturally associated to X. The discussion of
these problems shows the beautiful analogy as well as the main differences to the
case of separated noetherian normal schemes, in which D¢on(X) is isomorphic to
the group of Weil divisors on X, the isomorphism given via the discrete valuations
associated to prime divisors of X,



354 H. KNAF Isr. J. Math.

The results of this section are based on the theory of Prifer v-multiplication
rings. To improve accessibility of the article the section starts with a summary
of the relevant results on this type of ring.

1.1 A SUMMARY OF THE AFFINE CASE. Throughout the whole subsection let
A be a domain with field of fractions F. We will frequently consider valuations v
of the field F, which are always assumed to be non-archimedean. Their valuation
ring is denoted by O,, its maximal ideal by m,,. Usually in this article valuation
rings will occur as localizations of certain domains. Given a valuation ring O the
associated valuation v: F — T', T a totally ordered abelian group, is unique up
to order preserving isomorphisms of I'. The considerations, statements etc. in
this article are independent of the particular choice of v; therefore by abuse of
language we will talk about the valuation v corresponding to O.

Denote by F(A) the set of non-zero fractional ideals of A. In the sequel we
will consider several subsets of F(A) that can be best defined in terms of x-
operations on F(A): A x-operation on F(A) is a map F(A) — F(A),I — I*
with the properties

1. VI € F(A): I*™* = I,

2. (VIe F(A: ICI*) and (I C J* = I* C J*),

3. Vz € A, I € F(A): (zA)* = zA, (zI)* = zI*.

Fractional ideals with the property I = I'* are called *-ideals. A *-ideal I with
the property I = I, Iy a finitely generated fractional ideal, is called *-finite.
The sets of x-ideals resp. *-finite ideals are denoted by D*(A) resp. D, (A). They
both form abelian semigroups with the composition

(I,J) s (I])*

and A is the neutral element. This composition is well defined due to the
equations
(I = (IJ*)* = (I*J*)".
See [Gil], Ch. V, §32 for the basic theory of x-operations.
One of the most important examples of *-operations is given by the map

F(A) o F(A), I=»T:=(A:(A:]).

It is usually called the v-operation. The corresponding semigroups are denoted
by D¥(A) and Dg (A). To emphasize their connection with divisor theory we
will follow those authors calling the elements of these semigroups divisorial
resp. divisorially finitely generated ideals rather than v- and v-finite ideals.
See [Fos], Ch. I or [Gil], Ch. V, §34 for the basics on divisorial ideals.
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One of the tasks in multiplicative ideal theory is to determine those domains
A for which DV(A) resp. Dg,(A) form groups. It is well-known that D?(A) is a
group iff A is completely integrally closed, a property which is too restrictive for
our purposes.

A characterization of those domains A for which Dg (A) is a group is also
known and the corresponding class of domains is more interesting. Following the
literature such a domain is called a Priifer v-multiplication ring (abbreviated:
PvM-ring). To formulate the characterization of PvM-rings one needs (weakly)
associated primes as introduced in [Bou], Ch. VI: Let M be an A-module. The
prime ideal P € Spec(A) is called an associated prime of M if there exists
m € M 0 such that

P D Anng(m) = {a € A| am = 0}

and P is minimal subject to this condition.

We will use associated primes of the A-module F/A. The set of associated
primes of this module is denoted by P(A). Any P € P(A) is a minimal prime
ideal over an ideal of the form (aA : bA), a,b€ A, b ¢ aA.

The relevance of associated primes of F/A for questions concerning divisoriality
is shown by the following results:

1.1 ([Gla], Lemma 6.2.6, [Vas2], Prop. 3.3): In any domain A one has:
1. VI € DY(A): I =\pep(a)y I Ap. In particular this holds for A itself.
2. VI, J € D"(A): I = J & IAp = JAp VP € P(A).

Remark: The two articles cited both assume A to be coherent, which is not
necessary.

The desired characterization of PvM-rings is the content of the following result:

1.2 ([Mot-Zaf], Theorem 3.2 and [Zaf], Theorem 2): Let A be a domain.
1. A is a PvM-ring iff the following conditions are satisfied:
(a) VP € P(A): Ap is a valuation ring,
(b) Va,be A:aANbA € D, (A).
2. If A is normal and aANbA is finitely generated for any pair a,b € A then
A is a PvM-ring.

Note that due to (1.1 1.) a consequence of (1.2 1 (a)) is that PvM-rings are
normal.

A special case of (1.2 2.) is of particular interest in this article: Recall that
an A-module M is called coherent if it is finitely generated and every finitely
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generated submodule of M is of finite presentation. A ring A is called a coherent
ring if it is a coherent A-module, that is if every finitely generated ideal of A is
finitely presented. In a coherent ring A the intersection of two finitely generated
ideals is finitely generated ([Gla], Th. 2.3.2); hence one deduces from (1.2):

1.3: Every normal coherent domain is a PvM-ring.

This result includes the case of normal noetherian domains, where P(A) consists
exactly of the prime ideals of height 1 and Dg,_(A) is the free abelian group over
P(A). The latter is proved by using the discrete valuations corresponding to the
local rings Ap, » € P(A). A similiar procedure can be applied in the case of
PvM-rings, but the situation is more complicated.

Let A be a normal domain and V a family of valuations of F' such that A =
MNyey Ov- According to [Gil], Th. 32.5 the assignment

Im ()10, =1Y
veY
is a *-operation. The corresponding two semigroups are denoted by DY(A) and
DY (A). This *-operation has the property 10, = IVO, for every I € F(A),
v € V. In particular, for any I € DY (A),

v(I) := min(va| a € I)
exists. This gives the opportunity to define a map

(1) div: DY, (4) > [[ vF, I+~ (vD)vev.
vev
div is an injective homomorphism of semigroups. In general div is not surjective
— see [End], Ex. II-18 for counterexamples.
The link between the *-operation I +— IV and the v-operation is given by the
following surprising result:

1.4 ([Gil], Prop. 44.13): Let A be a normal domain and V a family of valuation
rings such that A = n'uGV O, and O, = Agnm, for all v € V. Then for any
finitely generated fractional ideal I the equation IV = T holds, i.e. DY (A) =
D¢ (A) as semigroups.

As an important consequence of this theorem formula (1) gives a description
of the structure of Df (A) in terms of valuations of the field of fractions of
A. In the case A is a PvM-ring one could use the family V of valuations of ¥
corresponding to the local rings Ap, P € P(A), as is suggested by (1.2 1.) and
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(1.1 1.). Since there may be containment relations among the primes in P(A) this
decision would have the disadvantage of encorporating redundant information
into the homomorphism div corresponding to the family V. One therefore follows
another track to find a suitable family V:

The map

F(A) = F(A), I~ It = U Iy
IoCI finitely generated
is a x-operation called the t-operation and defines the semigroup D¥(A) of t-
ideals. The set of integral t-ideals I <1 A has maximal elements with respect to
inclusion. Every integral t-ideal I < A is contained in a maximal t-ideal and
maximal t-ideals are prime. The set of maximal t-ideals will be denoted by
tMax(A).

Following M. Zafrullah we furthermore call a prime P € Spec(A) a valued
prime if the local ring Ap is a valuation ring. The set of valued primes is
denoted by Val(A) or Val(Spec(A)), if we want to emphasize the geometric point
of view.

The use of t-ideals for our purpose is summarized in the following results of
M. Griffin, J. L. Mott and M. Zafruilah:

1.5 ([Gril], Prop. 4, [Gril], Th. 5, [Mot-Zaf], Prop. 4.1): Let A be a domain.
Then:

L A= peimax(a) 4P

2. A is a PvM-ring iff tMax(A) C Val(4),

3. A is a PvM-ring iff Val(A4) = Spec(A4) N Dt(A).

From this result the following information relevant for this article can be ex-
tracted: For a PvM-ring A the set Val(A) has maximal elements and the set of
maximal elements equals tMax(A) (1.5 2.+3.). Furthermore, by (1.5 1.) and
(1.4) the set of valuations defined by the valuation rings Ap,P € tMax(A4), can
be used to define a homomorphism div via formula (1) describing Dg_(A). Note
that there are no containment relations among the members of tMax(A). The
special family of valuations defined by tMax(A) will in the sequel be denoted by
V(A).

Beside the normal coherent domains the so-called rings of Krull type form
another large class of PvM-rings. They will occur as local rings of certain schemes
in this article. A ring of Krull type is a domain A such that there exists a
family of valuations V of its field of fractions F' with the properties

L A=y O,

2. for every v € V: O, = Apm,na,
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3. for every a € A0 the set {v € V| va > 0} is finite.
The family V is called a defining family for A.

1.6 ([Gril], Theorem 7): Every ring of Krull type is a PvM-ring.

Applying (1.4) to the defining family V of a ring of Krull type gives a
homomorphism
div: Dg.(4) - EPoF
vEY
into the direct sum instead of the direct product of the value groups. This is due
to condition 3 in the definition and more similiar to the noetherian case. Note
also that there are many defining families of one and the same ring of Krull type.

1.2 THE CASE OF INTEGRAL SCHEMES. Throughout the whole subsection let
X be an integral scheme with field of rational functions F. We will furthermore
need to assume that the structure sheaf Oy C F is a coherent sheaf; here F
denotes the constant sheaf over F.

We will frequently use two facts about coherent O y-submodules J C F:

(A) If the structure sheaf Ox is coherent, then for every affine open U C X
the ring Ox(U) is a coherent ring. The affine scheme X = Spec(A) has
coherent structure sheaf iff the ring A is coherent.

(B) On an integral scheme X with coherent structure sheaf a Ox-submodule
J C F is coherent iff it is of finite type.

Property (B) is proved as follows: Since coherence is a local property it suffices
to treat the affine case X = Spec(A). In this case a Oy-submodule J C F of
finite type has the form J, , where J is a finitely generated A-submodule of F. It
is well-known ([Gla], Th. 2.3.2 (3)) that torsion free finitely generated modules
over a coherent ring are coherent, which proves the assertion.

Oy-modules J C F are usually called fractional Oy-ideals. If Z,J are
fractional O x-ideals one can form the fractional Ox-ideals Z-J and (Z : ). We
define

~

J =(0x:(0Ox: 7))
for any fractional Ox-ideal 7 and call J a divisorial Ox-ideal if the equation
J=J

holds.
In this generality the concept of divisoriality does not behave nicely, since the
operation J — J does not commute with taking stalks. Therefore we restrict our
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considerations to coherent or, what by (B) amounts to the same, fractional Ox-
ideals of finite type: Let Deon(X) denote the set of coherent divisorial O y-ideals.
The elements of Deon(X) are characerized by their local behavior:

LEMMA 1.7: Let J be a coherent fractional Ox-ideal. Then:
1. Vz e X (57\)z =7,
2. J € Deon(X) & Vz e X: T, € DY (Ox z).
In particular, for any coherent fractional Oy-ideal J one has j € Deon(X).

Proof: 1. It is straightforward to prove that for a Ox-ideal J C F of finite type
the equations (Ox : J); = (Ox ¢ : Jp) for all z € X hold. If in addition J is
coherent then by [EGA1], 0, 5.3.8 (Ox : J) is coherent too — in particular of
finite type. This proves the assertion.

2. The implication = follows from point 1. For any fractional Oy-ideal J the
inclusion J C J holds. Assuming divisoriality of all stalks 7, yields J, = (J)s
— again due to point 1. ]

By [EGAL], 0, 5.3.7+5.3.8 the fractional O y-ideals ZJ and (I : J) are coherent
if T and J are coherent. This fact and Lemma 1.7 show that the map

Deon(X) X Deon(X) = Deon(X),  (L,T) =TT

is welldefined. It gives Deon(X) the structure of a commutative semigroup with
neutral element Oy — remember that Oy is assumed to be coherent.

On an affine scheme X = Spec(A) with coherent structure sheaf a coherent
fractional Qy-ideal J is divisorial iff it has the form J = J, , where J C F =
Quot(A) is a coherent A-module satisfying J = J. Therefore one has:

1.8: For the affine scheme X = Spec(A) the map
Dcoh(X) - Dgn(A) v I+ J(X)

is an isomorphism of semigroups. In particular the elements of D§,_(A) are finitely
generated.

The semigroup Deon(X) is the candidate for the sheaf theoretic side of our
generalization of Weil divisors. These generalized Weil divisors should — as in
the noetherian case — form a group, a requirement which forces us to generalize
(1.2) to schemes:
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Definition 1.9: A point z on an integral scheme X is called associated point
of X if My 5 € P(Ox ;) holds for the maximal ideal My ; of the local ring Oy ;.
The set of associated points of X is denoted by P(X).

The relation between associated points and associated prime ideals of rings of
sections is the best possible:

LEMMA 1.10: Let X be an integral scheme and let U C X be an affine open
subset. Then the equation P(X)NU = P(Ox(U)) holds.

Proof: For any domain A and any p € Spec(A) one has p € P(4) & pA, €
P(A,) ([Mer], Prop. 5). |

As intended we can now identify a class of non-noetherian schemes for which
Deon(X) is a group:

THEOREM 1.11: Let X be an integral scheme with coherent structure sheaf
satisfying the condition:
(x) The local rings Ox 4, x € P(X), are valuation rings.
Then:
1. Deon(X) is a group.
2. For every affine open set U C X the ring Ox(U) is a PvM-ring. In
particular the scheme X is normal.

Proof: One shows that any J € Deon(X) satisfies (Ox : J) € Deon(X) and the
equation [J(Ox : J)] = Ox.

Coherence of J yields coherence of (Ox : J). By Lemma 1.7 divisoriality of
(Ox : J) is equivalent to divisoriality of all stalks (Ox : J)z = (Ox 5 : Jz)s
z € X. By assumption and Lemma 1.7 point 2 the stalks J are divisorial, hence
(Oxz : J) is divisorial by a basic property of divisorial ideals in domains ([Gil],
Th. 34.1 (3)).

Finitely generated fractionary ideals of a valuation domain are principal hence
divisorial; using this fact for any z € P(X) one has

([J(OX : J)]A)z = [Jz(ox,x : jz)]Az Jz(ox,z : \7:1:) = 02(,1:-

Using Lemma 1.10 and (1.1 2.) this shows that for any affine open set U C X
one has [J(Ox : J)]"(U) = [JU)(Ox(U) : JU))]"= Ox(U) and therefore
[T (Ox : T)]"= Ox.

The second statement follows from (1.3): By (A) at the beginning of this
subsection the rings Ox(U) are coherent. They are normal by condition (x),
Lemma 1.10 and (1.1 1). |
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The condition (%) of Theorem 1.11 is the non-noetherian analogue of the con-
dition of being regular in codimension one ([Ha], Ch. II - 6), which ensures a good
divisor theory in the case of (separated) integral noetherian schemes. We could
extend this analogy by using the valuation rings Ox ,, z € P(X), to obtain in-
formation about the structure of the group Deon(X) as is done in the noetherian
case. For the same reasons as in the affine case — redundance due to contain-
ment relations among these local rings — we will not follow that path. Instead
we will use a set of valuation rings without this disadvantage.

Definition 1.12: Val(X) := {z € X| Ox is a valuation ring}, where X' is an
arbitrary scheme.

The set Val(X) is closed under generalization: For z,y € X define z ~ y as
y € {x} =Zariski closure of {x}. Localizations of valuation rings are valuation
rings too; hence one finds that y € Val(X) and z ~ y implies z € Val(.X).

The spectrum of a valuation ring is totally ordered with respect to inclusion.
As a consequence specialization gives Val(X) a treelike structure: For any y €
Val(X) the set Y := {z € Val(X)| z ~ y} has the property: For z;,22 € Y
either 1 ~ 9 or 9 ~ 21.

The valuation rings we are searching for to describe Deop(X) are the maximal
elements of (Val(X),~) — provided they exist. Denote the set of maximal
elements of (Val(X),~») by MaxVal(X).

THEOREM 1.13: Let X' be a quasi-compact integral scheme with coherent struc-
ture sheaf, satisfying condition (%) of Theorem 1.11. Then every element t €
Val(X) specializes into a maximal element of (Val(X'),~+).

Proof:  Quasi-compactness yields the existence of an affine open cover X =
Ui-, Ui. By Theorem 1.11 the rings Ox(U;), i = 1,...,r, are PvM-rings.

Let £ € Val(X) be an arbitrary point, € U; say. Then by (1.5 3.) there
exists 21 € MaxVal(U;) C Val(X) such that z ~» z;. If {z;} N Val(X) # {z1}
there exists i # 1 such that {z1} N Val(U;) # {z1}. Again by (1.5 3.) one can
therefore choose z2 € MaxVal(U;) such that 1 ~ 5.

This procedure gives a specialization chain z ~ z; ~ Zg ~ -+ ~ z, with
s <rand z, € MaxVal(X). |

We have finally reached our aim of describing the structure of Deon(X) using
valuations of F = K(X): For any z € MaxVal(X) of the quasi-compact integral
scheme X’ choose a valuation v of F such that O, = Oy ;. Denote the family of
valuations of F' obtained in this way by V(X).
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If the scheme X is separated, a valuation v € V(X) uniquely determines a
point £ € MaxVal(X) by the valuative criterion for separatedness ([EGA1], 1,
8.5.5).

Observe that for a fractional O x-ideal of finite type every stalk 7, z € Val(X),
is a principal fractional ideal aOx ;. Given a valuation v of F' with valuation
ring Oy ; one can therefore define

v(J) = v(a) = min(v(b)| b € J;).

THEOREM 1.14: Let X be a separated, quasi-compact, integral scheme with
coherent structure sheaf, satisfying condition (*) of Theorem 1.11. Then the
assignment
div: Doon(X) =[] vF T = @(T))vevx)
vEV(X)

is an injective group homomorphism.

Remark: div is in general not surjective; its image will be denoted by Div(X).
According to our approach to Weil divisors Div(X) is the analogue to the group
of Weil divisors on an integral, separated, noetherian, normal scheme.

Proof: The existence of the family V(X) follows from Theorem 1.13.

div is a homomorphism, since taking stalks in the points z € MaxVal(X)
turns the multiplication in Dcon(X) into (ordinary) multiplication of principal
fractional ideals.

Injectivity: Let div(J) = 0 for some J € Deon(X). Since by condition ()
P(X) C Val(X) using Lemma 1.10 one obtains that for every open affine U C &
the equations J, = Ox 4, € P(Ox(U)), hold. (1.1) yields J(U) = Ox(U),
hence J = Oy. [}

The group Hvev( x) vF is partially ordered with the componentwise ordering.
Furthermore, minima and maxima of finitely many elements exist in this group.
Being a subgroup of [],¢ x) VF the group Div(X) is partially ordered too, and
the relations

div(Z N J) = max(div(Z),div(J)), div((Z+ J)") = min(div(Z), div(J))

show that Div(X) is closed under the formation of taking minima and maxima
of finitely many elements. These relations are straightforward to prove and since
we will not use them in this paper the proofs are omitted here.
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2. Divisors on normal varieties over valuation domains

In this section we will apply the general results of the preceeding one to certain
normal schemes X over an arbitrary valuation domain O,. These schemes are
non-noetherian analogues of arithmetic varieties over a discrete valuation ring:

Definition 2.1: Let O, be a valuation domain. A ,-scheme X is called a
O,-variety of relative dimension n € N if it satisfies:
e X is integral, separated and of finite type over Spec(O,).
e The irreduzible components of all fibres X x¢, k(P), P € Spec(Q,),
k(P) := Quot(O, /P), have dimension n.

A O,-variety X should be understood as a totally ordered family of noetherian
equidimensional k(7)-schemes of finite type. The phrase totally ordered refers to
the fact that the spectrum of a valuation ring is totally ordered with respect to
inclusion. This fact is to a certain extent reflected by the specialization chains of
points on X

Concerning the dimension of the fibres of a O,-variety, there is a nice result,
due to M. Nagata, that simplifies our definition:

2.2 ([Nag], Lemma 2.1): The dimensions of the irreducibel components of the
fibres of an integral O,-scheme of finite type are all equal.

As a consequence a O,-variety X has relative dimension n iff its generic fibre
has dimension n. Nagata’s result depends on the fact that an integral O,-algebra
is flat. The latter holds due to the well-known equivalence of flatness and being
torsionfree valid for modules over valuation domains. The flatness of an integral
O,-algebra A has another consequence used at several points in this article: The
Going-Down Theorem holds in the extension A|O,, which in particular implies
that for every prime » € Spec(Q,) every prime q € Spec(A) minimal among the
primes containing P A lies over p.

In the sequel we will consider a fixed O,-variety X over the valuation domain
O, with maximal ideal m,, field of fractions K and corresponding valuation v of
K.

Residue classes a + My, a € O,, will be denoted by av; consequently Kv :=
Op/My.

To shorten notation the generic resp. closed fibre of X will be denoted by
X =X Xp, K resp. Xv:=X xo, Kv.

The investigations on the structure of Deop(X) will involve the set P(X) of
Weil prime divisors of the generic fibre X. If X is normal the set

XMW = {z € X| dim(Ox ) = 1}
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precisely equals the set of generic points of prime divisors P € P(X), and the
local rings Ox z, * € X, are discrete valuation rings. As usual the discrete
normalized (i.e. with value group equal to Z) valuation corresponding to Ox ;
will then be denoted by vp.

Observe also that if X is normal, one has the equality X{1) = P(X), i.e. the
associated points of X are precisely the generic points of Weil prime divisors.

The generic points Gen(X xo, £(P)) := {z € X| z generic point of X x ¢,
k(P)} of the other fibres will also play an important role: If X is normal the local
rings Ox z, ¢ € Gen(X x o, £(P)), are valuation rings too, as will be proved later
in this section. The corresponding valuations of the function field F' = K(X) are
of a special type called constant reductions:

Let F|K be a finitely generated field extension of transcendence degree r > 0.
A prolongation v of v to F' is called a constant reduction of F|K if the residue
field extension F v|Kwv has transcendence degree r too.

A special class of constant reductions are the GauBl valuations: Consider the
rational function field F = K(z,...,z,) of transcendence degree r over K. The
assignment

v£< Z A(n,,...n)T1 " xﬁ') = min{v(a,,...n,))| (n1,...,n,) € N'},

(n1,...,ns)ENT

for polynomials Z(nl,...,nr) Uny,..n )T Zpr € K[z1, ..., T, extends to a val-
uation of F' prolonging v such that the elements z,vg,...,z,v; are algebraically
independent over Kv and hence Fvy = Kv(r1v,...,Z,vz) is the rational func-
tion field of transcendence degree r over Kv; v; is called the Gauf3 prolongation
of v with respect to z := (z1,...,2,).

It is well-known that any constant reduction v of a finitely generated field
extension F|K prolonging a given valuation v on K is a prolongation of a Gauf§
valuation v, for a suitable transcendence base z = (z1,...,z,) of F|K.

For every P € Spec(O,) the valuation corresponding to the valuation ring
(Oy)p is denoted by vp. The fibre product Xp := X xo, (Oy)p = X Xo, Oup
isa Ov?-variety. For any z € X X, k(P) one has Oy , = Oxp,z-

2.1 THE STRUCTURE OF THE GROUP OF {(GENERALIZED) WEIL DIVISORS. The
first step in studying Deon(X) of a normal O,-variety X is to verify that it satisfies
the condition (%) introduced in Theorem 1.11. We therefore have to deal with
coherence of the structure sheaf of such a scheme.

The finiteness properties of algebras over a valuation ring O, have been
investigated by several authors. We collect the relevant results for the present
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article in the following statement:

2.3 ([Sab], Prop. 3, [Nag|, Th. 3): Let O, be a valuation ring.
1. The polynomial ring O,[X1,...,Xy] in n variables is coherent.
2. Every flat finitely generated O,-algebra A is of finite presentation.

Consequently we get:

THEOREM 2.4: The structure sheaf of an integral O,-scheme of finite type is
coherent.

Proof: Since coherence is a local property it suffices to treat the affine case
X = Spec(A), A a finitely generated integral O,-algebra. By (A) at the beginning
of the preceding section coherence of Ox is then equivalent to the coherence of
the ring A. Now by (2.3 2.) an integral finitely generated O,-algebra is of finite
presentation. Therefore A = O,[X1,..., X,]/I, where I is a finitely generated
prime ideal of the polynomial ring O,[X7,..., X,].

By (2.3 1.) the polynomial ring Oy[Xy,..., Xy,] is coherent and by a basic
property of coherent rings ([Gla], Th. 2.4.1) A is therefore coherent too. |

COROLLARY 2.5: Any normal O,-variety X satisfies condition (x); in particular,
Deon(X) of such a scheme is a group.

Proof: Theorem 2.4 implies that a normal O,-variety can be covered by spectra
of normal coherent domains, which by (1.3) of subsection 1.1 are PvM-rings. The
assertion now follows from (1.2) and Lemma 1.10. |

By definition a O,-variety is quasi-compact, hence Theorem 1.14 shows that
Deon(X) of a normal O,-variety possesses a description in terms of the family
V(X) introduced in subsection 1.2. The next step is therefore to determine these
valuations resp. investigate the set Val(X).

THEOREM 2.6: Let X be a normal O,-variety with field of rational functions F’;
then the following results hold:
L Val(X) = X UUpespeco,)~ 0 Gen(X xo, &(P)).
2. {Ox 4|z € XM} = {O,,| P € P(X)}; in particular these local rings are
discrete valuation rings.
3. For every P € Spec(O,) the local rings Oy 4, © € Gen(X xo, k(P)), are
valuation rings of constant reductions of F|K prolonging vp.

The proof of the main point 1 of this theorem is based on an application of the
following version of Zariski’s Main Theorem:
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2.7 ([Pes]): Let A be a finitely generated R-algebra. Let q € Spec(A) be a prime
ideal satisfying:

e ¢ is minimal and maximal among the primes of A lying over ¢ N R.
Then there exists an R-algebra A’ C A and an element t € A’ ~ ¢ A’ such that
A'|R is finite and A} = A, holds.

We will apply (2.7) to prove:

LEMMA 2.8: Let A be a finitely generated O,-domain. Let q € Spec(A) be such
that gN O, = P # 0 and ¢ is not minimal among the primes containing PA.
Then Spec(Ay) is not totally ordered by inclusion; in particular, the local ring
Aq is no valuation ring.

Proof: 1t suffices to prove the lemma for the case » = m,: Otherwise replace A
by A®O., (Ov)P-

One first treats the case of a polynomial ring A = Oy,[zy,...,z,]: MA =
My[Z1,...,Zy] is then a prime ideal and A/m,A = Ku[Zy,...,T,] is the
polynomial ring in n variables over Kv.

Let ¢ be a prime ideal properly containing My(z1,...,2,]. The prime ideal
q/My[z1, ..., T,) of the polynomial ring Kv[z7,...,T,] contains a monic prime

polynomial f. By Gauf’ lemma any f € ¢ such that f + My[T1, ..z = f
is a prime polynomial; the prime ideal fO,[z1,...,%y,] is of height 1. Hence q
contains infinitely many prime ideals of height 1. Since these prime ideals are
incomparable with respect to inclusion the spectrum of A, is not totally ordered.

Now one can prove the lemma in the general case: Let A be a finitely gener-
ated O,-algebra and assume A, to be a valuation ring, where ¢ is a prime ideal
that is not minimal among the primes containing m,A. One shows that these
assumptions lead to a contradiction.

By assumption about ¢ and since Spec(A,) is totally ordered, there exists a
unique prime p C ¢ such that p is minimal among the primes containing m, A.
The ring Aq/pA, is a valuation ring and a localization of the finitely generated
Kuv-algebra A/p. It follows that A,/pA, is a discrete valuation ring and thus
that there exists no prime between p and q.

Let Z7,...,T, € A/p be Kv-algebraically independent elements such that the

extension A/p|Kv[F1,...,%n] is finite. Choose foreimages zi,...,z, € A of
these elements; then O,[z1,...,,] is a polynomial ring and by construction the
equation p N Oylz1, ..., Tn] = My[z1,. .., z,] holds.

¢ is minimal and maximal among the primes of A lying over qg :=
gN Oylz1,...,2,): If ¢ were not maximal among those primes, ¢/p would not



Vol. 119, 2000 DIVISORS ON VARIETIES OVER VALUATION DOMAINS 367

be maximal among the primes of A/p lying over gg := go/My[Z1,. .., Tn], which
contradicts the finiteness of A/p|Kv[Z1,..., Ty

Let ¢; C g be a prime lying over qo. Since the primes contained in g are totally
ordered by inclusion one has g; C p or p C ¢;. Since there are no primes properly
lying between p and g the second possibility cannot occur. On the other hand,
go contains My[zy,...,Ty], hence ¢; contains myA. Since p has been chosen to
be minimal among the primes containing m, A, the inclusion ¢; C p is impossible
too.

One can now apply (2.7) to the ring extension A|Oy[z1,...,T,): There exists
a Oy[z1,. .., Zy]-algebra A’ finite over O,[z,,...,2,] and an element ¢t € A’ \ ¢,
q' :=¢NA’, such that A} = A;. In particular, one has A, = A;, and therefore that
Spec(A;,) is totally ordered. The Going Down Theorem in the finite extension
A'|Oy[zy, ..., 2] now yields that Spec(Oy[z1,. . .,Zn]q,) is totally ordered.

On the other hand, go is properly containing My[z1,...,Ts]: It has already
been shown above that height(q/p) = 1 in A/p; again using finiteness height(gp)
= 1 too, hence gq is properly containing M,[zy,...,z,]. But then it follows from
the first part of this proof that Spec(Oy[z1,...,Zn]q) is not totally ordered —
the desired contradiction. |

Proof of Theorem 2.6: Since X is dense in X one has Oy ; = Ox for any
z € X(). The latter local ring is a discrete valuation ring since X is a normal
K -variety.

Let € Gen(X xo, k(P)); without loss of generality one can assume that
P = M, holds: Otherwise take the localization X xp, O
o

vps which is a normal
vp-variety such that z lies on its closed fibre.

Choose an affine open neighborhood U C X of z; the O,-algebra A := Ox(U)
is then finitely generated. Let ¢ <1 A be the prime ideal corresponding to z.

By definition of an O,-variety and the choice of z one has
trdeg(A/q|Kv) = dim(A4/q) = dim(A Qo, K) = trdeg(F|K).

Therefore there exists a transcendence basis zi,...,z, € A of F|K such that
z1+4,...,%r + q is a transcendence basis of Quot(A/q)|Kwv.
Working in the ring extension A|Oy[zy, ..., z,] one obtains

(2) gNOy[zy,. .., 2] = My[21, ... Ty

by the choice of the elements z;, i = 1,...,r. By definition of the Gauf} valuation
the rings (’)1,£ and Oy{zy,..., 2z, My[z1,...,z,] are equal, hence the normal ring A,
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contains the integral closure O of O, in F. The ring O is a Priifer ring, therefore
Aq is a valuation ring Oy, which by (2) prolongs the Gauf valuation v, and
therefore also v. Moreover, the residue field extension F' v |Kv has transcendence
degree r, thus v is a constant reduction of F|K as asserted.

The points 2 and 3 are now completely proved and to verify point 1 it remains
to show that for any z € X such that z ¢ X (1) UU'PESpec(Ov) <o Gen(X xp, £(P))
the local ring O , is no valuation ring. For the points £ € X lying on the generic
fibre this is obvious, since the ring Ox ; is then noetherian.

For a point z € X xp, k(P) \ Gen(X x o, £(P)) choosing an affine open neigh-
borhood U of = gives a prime ideal ¢ € Spec(Ox(U)), which is not minimal
among the primes containing POy (U). Applying Lemma 2.8 now shows the
assertion. |

Let Vp denote the finite set of constant reductions of the function field F of
X defined by the fibre X xp, k(P), P € Spec(O,) ™0, according to point 3 of
the preceding theorem. These sets occur in the valuation theoretic description of
Div(X); as we will see the set V := V uq, is of particular interest.

PROPOSITION 2.9: A normal O,-variety X of relative dimension n has the
properties:

1. There exist subsets Tp C Gen(X x o, £(P)), P € Spec(O,) {0, M, }, such
that

MaxVal(X) = XM u ( Tp) U Gen(Xw).

PESpec(0,) ~{0,M,}

Let Vi € Vp, P € Spec(0y) {0, M,}, be the subsets of Vp defined
through {Ov,,| vp € Vp} = {Ox | = € Tp}; then

V(X) = {up PeP(X)}U( U v;,) uv,
PeSpec(Oy) ~{0,M,}

and therefore the div-homomorphism introduced in Theorem 1.14 is an
embedding

div : Deon(X) = Div(X) @ I1 P v» F) o @PvF.
PeESpec(0,,) ~{0,M, } V»péV'P vev

2. If the structure morphism of X|Q, is closed the sets Tp are empty, hence
the div-homomorphism becomes

div: Deon(X) — Div(X EB@VF
vev
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Proof: A O,-variety X is by definition quasi-compact, which by Theorem 1.13
implies the existence of MaxVal(X). The existence of the sets Tp now follows
from Theorem 2.6 point 1. The same theorem shows the inclusion Gen(Xwv) C
MaxVal(X}.

Furthermore, one always has the inclusion X (!} C MaxVal(X): Assume z ~ y
for z € X1, y € Val(X), y # z. Since z is the generic point of a prime divisor
on the generic fibre X of X’ one has trdeg(x(z)|K) = dim(X)-1=n—-1. On
the other hand, Theorem 2.6 point 1 shows that y € Gen(X x o, k(P)) for P # 0
holds; thus trdeg(x(y)|x(?)) = n. The assumption z ~ y consequently leads to
the contradiction n — 1 > n.

The assertion about V(&) and the div-homomorphism in the general case are
now clear.

Assume next that X has a closed structure morphism ¢: X — Spec(O,).
For any z € Gen(X xo, £(P)) the set ¢({z}) is by assumption closed, hence
contains M,. Therefore there exists a point y € Xv N {z}; let U be an affine
open neighborhood of y and A := Ox(U). Let g resp. g, be the primes of
A corresponding to z resp. y, so that g, C g, holds. A = A/q, is a finitely
generated algebra over the valuation ring O, := 0, /P with maximal ideal 7, .

Let §<1 A be a prime ideal minimal over #,A. Then by [Nag], Lemma 2.1 and
the choice of x one has

trdeg(4/9]0,/4,) = trdeg(A]|0y) = n.
Hence there exists a prime g 4 A with the properties
gz C q C gy, trdeg(A/q|Kv) = n.

The latter implies ' € Gen({Xv), denoting by ' € X the point corresponding to
¢, while the first property shows z ~» z’. This shows that x is not maximal with
respect to specialization among the points in Upegpec(o,)~ o0 Gen(¥ xo, £(P))
unless £ € Xwv, which proves the assertion. 1

Next, we have to investigate the image Div(X’) of the homomorphism div. This
is done by taking a closer look at those subschemes of X' obtained by taking the
Zariski closure of prime divisors of the generic fibre of X: Let P C X be a Weil
prime divisor of X and denote by P C X the Zariski closure of P on X. P is
then a closed irreducible subscheme of X carrying the induced reduced subscheme
structure. The Oy-ideal defining the reduced subscheme structure on P will in
the sequel be denoted by Jp C Ox.
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THEOREM 2.10: Let X be a normal O,-variety of relative dimension n; then for
any prime divisor P € P(X):
1. Jp is a coherent divisorial Ox-ideal: Jp € Deon(X).
2. P is a O,-variety of relative dimension n — 1.
3. The map P(X) — Deon(X),P — Jp extends to an injective group
homomorphism t: Div(X) — Deon(X) with the property

VD € Div(X): div(t(D)) =D& 0 (see Proposition 2.9).

Proof: 1. Let U C X be an affine open set such that PNU # @; then p := Jp(U)
is a prime ideal with pN O, = 0. Since Ox(U) is finitely generated over O, one
has Ox(U) = Oy,[z1,...,24)/1I and p = ¢/I with a prime g of the polynomial
ring Oy(zy, ..., Zys] lying over 0. By [Gla], Theorem 7.4.3 the prime ¢ and hence p
is finitely generated. Since Ox(U) is a coberent ring p is a coherent O (U)-ideal,
and consequently Jp is a coherent sheaf.

By Theorem 2.6 point 2, Ox(U), is a (discrete) valuation ring, hence p €
Val(Ox(U)). Applying (1.3) and (1.5 3.) yields p € D Ox(U)), which shows
divisoriality of p because finitely generated t-ideals are divisorial.

2. It only remains to check the dimensions of the fibres of P|O,. Since the
generic fibre of P is the prime divisor P C X, which has dimension n — 1, the
assertion follows from (2.2).

3. Tt suffices to prove div(Jp) = P @ 0. Let y € X be the generic point of P;
one has to check the relations (Jp), = Ox . for all z € MaxVal(X) “{y} and
(Jp)y = Muxy. The latter holds by definition of P; furthermore, it is clear that
(Jp)z = Ox; for all z € X, Finally, the relation P N Gen(X xo, k(P)) # 0
would contradict point 1 of Proposition 2.9, which shows (Jp)y = Ox . for any
z € Gen(X xp, &(P)). |

The next result is for aesthetic reasons only formulated for the case of a normal
O,-variety with closed structure morphism, but it holds for general normal O,-
varieties with obvious modifications:

COROLLARY 2.11: Let X be a normal O,-variety with closed structure mor-
phism. Then there exists a subgroup Ver(X) < P, v F such that

Div(X) = Div(X) & Ver(X).

Proof: Point 3 of Theorem 2.10 shows that Div(X) ® 0 C Div(X) ® @,y VF
is actually a subgroup of Div(X), which proves the assertion. n

The elements of Ver(X') are for obvious reasons called vertical divisors.
Observe that in contrast to the noetherian case neither the closed fibre of X nor
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its irreducible components need to be (vertical) divisors, since the corresponding
ideal sheaves are in general not coherent.
The elements of the subgroup Div(X) & 0 are called horizontal divisors.
As already remarked in the affine case, the group Ver(X) will in general not
be equal to P,y v F. We will close this section with a result that sheds some
light on the structure of Ver(X): Define

Ov = n Ov;
veEV

this ring is a semilocal Priifer domain ([Kap], Th. 107). We will make use of the
following well-known properties of Priifer domains:

o A Priifer domain is a coherent PvM-ring, since its finitely generated

fractionary ideals are invertible.

e In a Priifer domain A the relation MaxVal(A) = MaxSpec(A) holds.

Recall furthermore that invertible ideals of a semilocal ring are principal.
Combining these facts one concludes V(Ov) = V and from (1.4) in subsection

1.1 that Div(Ov) is a group, which is explicitly given by

Div(Ov) = {(v(a))vev| a € F"}.

Again the following result can easily be modified in such a way that one can drop
the closedness assumption on the structure morphism.

PROPOSITION 2.12: Let X be a normal O,-variety with closed structure mor-
phism. Then:
1. Div(Oy) < Ver(.X).
2. If Gen(Xwv) posesses an affine open neighborhood then Ver(X') = Div(Ovy).
3. If dim(Oy) =1 for all v € V then Div(Oy) = Ver(X) = @,y vV F.

Proof: 1. Any divisor D € Div(Ovy) of the PvM-ring Ov is defined by a
principal fractionary ideal aQv, a € F. The principal ideal sheaf aOQy then
defines the divisor div(aOx) = D' + D € Div(X) with D’ € Div(X). According
to Theorem 2.10 there exists J € Deon(X) such that div(J) = D’. Hence
div((aOx(Ox : J))") = D, which proves the assertion.

2. Let J € Deon(X) be such that div(J) € Ver(X). Let U be an affine open
neigborhood of Gen(Xwv). Then [J(U) is a finitely generated fractionary Ox(U)-
ideal and Ox(U) C Oy. Hence J(U)Oy is a finitely generated thus invertible
Ov-ideal, which by definition satisfies v(J(U)Ov) = v(J) for all v € V.

3. By the approximation theorem [End], (11.17) the equality Div(Oy) =
@D,y V F holds, which proves the assertion. |
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2.2 THE LOCAL WEIL DIVISOR GROUPS AND CARTIER DIVISORS. Let X be
an integral scheme with coherent structure sheaf and function field F. The
group CaDiv(X) of Cartier divisors on X can be identified with the group of
invertible Oy-submodules of the constant sheaf F ([Ha], Ch. II, Prop. 6.13).
This identification fits the purposes of the present subsection, for which reason
we always view Cartier divisors as invertible Oy-ideals. Since invertible Oy-
ideals are divisorial and of finite type, CaDiv(X) is a subgroup of the semigroup
Dcoh (-X ) .

As in the noetherian case those integral schemes having the property that
CaDiv(X) = Dcon(X) are of particular interest. The extent to which Deop(X)
differs from CaDiv(X) is measured by the class semigroups of the local rings of X'.
In this subsection we will therefore study the structure of the local Weil divisor
groups Div(Ox ;) in the points of a normal O,-variety X’ and give a criterion for
Deon(X) to be equal to CaDiv(X).

Let A be an integral domain; denote by H(A) the multiplicative group of non-
zero principal fractionary A-ideals. H(A) is a subgroup of the semigroup D, (A)
and one defines the class semigroup of A as Cl(A) := Dg_(4)/H(A).

We are interested in the case Cl(A) = 0; in that case Dy (A) = H(A) is a
group, that is, A is a PvM-ring. If, in addition, A is noetherian or, more general,
a Krull ring then it is factorial.

We will furthermore need the following simple result on the behavior of Dg (A)
in flat extensions of A:

LeMMA 2.13: Let B|A be a flat extension of coherent domains. Then:
1. The map ¢ D§,(A) — DE,(B),I — IB is welldefined and a group
homomorphism.
2. If Quot(A) = Quot(B) the homomorphism £ is surjective.

Proof: The coherence of A implies that any I € Dg, (A) is finitely generated.
This fact and the flatness of B|A yields (A : I)B = (B : IB) ([Mat], (3.H.)).
Since (A : I) is finitely generated too, one gets IB = IB= ﬁ?, proving point 1.

Any J € DY, (B) is finitely generated: J = Y_;_, Bb;. The fractionary ideal

I:=(37_, Ab;) € D (A) satisfies IB=J=J. ®
We start with a general result ensuring equality of Weil and Cartier divisors:

PRrROPOSITION 2.14:
1. Let X be an integral scheme with coherent structure sheaf and the property

Vz € X: Cl(Ox ) = 0;
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then CaDiv(X) = Deon(X).
2. Let O be a local ring with maximal ideal m and X be an integral O-scheme
with coherent structure sheaf and closed structure morphism. If in addition
X satisfies
Vre & xo O/M: Cl(@x’z) =0,

then CaDiv(X) = Deon(X).
In particular, this holds for O,-varieties with closed structure morphism.

Proof: The proof of point 1 is standard and will be omitted.

Let ¢ be the structure morphism of X|©. The set ¢({x}) C Spec(0), z € X, is
closed, hence contains the maximal ideal M. This implies {}N (X xo O/Mm) # 0;
it follows that Oy, is a localization of a local ring Oxy, ¥ € X xo O/Mm.
By Lemma 2.13, lifting of ideals in the flat extension Ox |Ox y gives a sur-
jective homomorphism Dg (Ox,) — DE,(Ox), which maps principal ide-
als to principal ideals. It therefore gives rise to a surjective homomorphism
Cl(Ox,y) = Cl(Ox ). Since Cl(Ox ) = 0 by assumption this proves the asser-
tion by point 1. |

For the rest of the section let X' again be a normal variety over the valuation
ring O,.

For any point £ € X, the local ring Oy, by Corollary 2.5 and Theorem
1.11 is a localization of a PvM-ring and therefore a PvM-ring itself ([Zaf], Cor.
11). Consequently DE, (Ox ) resp. Div(Ox ;) are groups. In the study of
their structure it suffices to investigate the case x € Xv = A xp, Kv: If
z € X = X Xp, K the local ring Ox ; is a localization of a finitely generated
normal K-algebra, hence noetherian. Furthermore, any point z € X x@, &(P),
P € Spec(O,) {0, M,}, lies on the closed fibre of the normal (O,)p-variety
X X0, (Ov)'p.

To state the subsequent results in a geometrically intuitive way we introduce
the following notations: By Theorem 2.6 1.+3., the irreducible components of
the closed fibre Xv of X are in bijection with the valuations in the set V; for any
v € V the irreducible component corresponding to v via this bijection is denoted
by X v.

Define rings

Oy, = n Oy, R;:= ﬂ Oup.
VEV:zeXV PeP(X): zeP

The ring Oy, is — for the same reasons as the ring Oy defined earlier in this
paper — a semilocal Priifer ring.
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THEOREM 2.15: Let X be a normal O,-variety and x € Xv. Then:
1. Ry = (0, ~0)"'Ox ; in particular R, is noetherian.
2. Ox,: = R; N Oy_; in particular Oy , is a ring of Krull type.
3. Div(Ox ;) = Div(R;) ® Div(Oy,).

Proof: 1. The ring (O, N 0)"'Ox , is noetherian since it is a localization of a
finitely generated K-algebra. It is normal by assumption and therefore a Krull
ring; the defining set of discrete valuation rings is given by the localizations at
the prime ideals of height one, hence this set is equal to

{(Ox.z)p| p € Spec(Ox z): ht(p) = 1,pN O, = 0} = {O,,| P € P(X): z € P}.

The latter set is precisely the defining set of discrete valuations of the Krull ring
R;. The assertion now follows, since Krull rings having the same set of defining
valuation rings are equal.

2. According to (1.5 1.43.) the assertion will be proved once one can show
MaxVal(Ox ;) = {My, NOx |z € PU{M N Ox |z € X v}

The inclusion 2 follows from Proposition 2.9. Since Ox  is a localization of a
finitely generated O,-algebra, Lemma 2.8 shows the reverse inclusion.

Finally, Ox ; is a ring of Krull type since R, is of Krull type (even a Krull
ring) and the semilocal Priifer ring Oy, is of Krull type too.

3. According to point 2 the div-homomorphism associated to the PvM-ring
Ox ; gives an embedding

div,: Dcoh(OX,z) - Div(Rf‘) ® H vFE
VEV:zEXV

Any D € Div(R;) can be understood as an element of Div(X), therefore by
Theorem 2.10 there exists J € Deon(X) such that div(J) = D, where div denotes
the div-homomorphism associated to X. By Lemma 1.7 the stalk 7 is a divisorial
Oy ;-ideal and by definition of div, one has divy(J;) = D, which shows that
Div(R;) is a direct summand of Div(Oyx ;): Div(Ox.) = Div(R;) ® . Using
the same reasoning as in the proof of Proposition 2.12 one obtains I' = Div(Oy, ).
]

We close this subsection with the announced criterion for a O,-variety to satisfy
CaDiv(X) = Don(X):
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THEOREM 2.16: Let X be a normal O,-variety. Then:
1. For any point z € Xv, one has

Cl(Ox ) = 0= R, is factorial.

2. If the structure morphism of X is closed and Gen(Xv) possesses an affine
open neighborhood, one has

t(Div(X)) C CaDiv(X) & CaDiv(X) = Deon(X).

Proof: 1. R, satisfies R; = (O, ~0)"'Ox ,; applying Lemma 2.13 gives an
epimorphism £: D§ (Ox ) — Dg,(R;). Since £ maps principal fractionary ideals
into such, it induces an epimorphism Cl(Ox ;) — Cl(R;). This shows that
Cl(Ox ) = 0 implies Ci(R;) = 0. Since a Krull ring with trivial class group is
factorial ([Fos|, Prop. 6.1) the assertion is verified.

2. Assume the invertibility of all sheaves in the set ¢(Div(X)). By Corollary
2.11 and Proposition 2.12 every sheaf J € Deon(X) has the form J = (¢(D)-J1)7,
where D € Div(X) and div(J;) € Ver(X') hold. By Proposition 2.12, 2. and since
Ov is a semilocal Priifer ring, there exists an a € Oy such that div(aOx) =
E+div(Jh), F € Div(X). The sheaf t(F) is by assumption invertible, hence one
obtains J = (¢(D) - aOx - t(E)"1)"= t(D) - aOx - t(E)~! € CaDiv(X).

The other implication is obvious. |

Theorem 2.16 has an interesting connection to results obtained by P. Roquette
and E. Kani in other contexts. This connection demonstrates applications of the
results in the present paper, and it also shows the direction of further investi-
gations: P. Roquette has proved in [Roq2] that for a proper normal curve X
over a valuation ring O, with algebraically closed field of fractions and normal
closed fibre Xv, the ring R, is a principal ideal domain (Theorem 4.3). This
is equivalent to saying that R, is factorial: The function field F|K of X is of
transcendence degree 1 and R, is normal and contains K, thus it is a Dedekind
ring. He formulates and proves this result in the language of valued function
fields, but with the help of [GMP], Theorem 2.1 it can be translated into the
form stated above.

E. Kani has proved the inclusion ¢(Div(X)) C CaDiv(&X) in point 2 for O,-
curves X of the form C xp O,, O, an arbitrary valuation ring, L C O, a field
and C a smooth L-curve ([Kanl], Hauptsatz 3.3 and [Kan2], Hauptsatz 3.6).

Both results can be deduced from Theorem 2.16 in the same way one would do
this in the case of a noetherian ring O,: The noetherian notion of regularity of a
scheme can be generalized to non-noetherian schemes X with coherent structure
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sheaf in such a way that a version of the theorem of Auslander-Buchsbaum holds:
The local class groups Cl(Ox ), ¢ € X, of such a scheme are all equal to 0.

It can be shown that a smooth O,-scheme X, where O, is an arbitrary valuation
ring, is regular in the generalized sense; thus its local class groups are 0. Since
the O,-curves considered by Roquette and Kani are smooth, applying Theorem
2.16 gives the results cited above.

The author will return to this subject in a subsequent paper — [Kn2].
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